Tension-stabilized structures are very useful for building large and light space/ground structures at a low cost. However it is difficult to apply a transverse damping force to such a structure. This paper describes new way to damp these structures with a tuned mass damper (TMD). It proposes a tuning method to find the optimal placementes, masses, stiffnesses, and damping coefficients of one or several TMDs attached to a cable.
Many researchers have proposed passive, active, and semi-active devices to damp the vibrations in cables. [1] [2] [3] [4] However, most of these devices can not directly make a damping force along the vibration in the cable. Therefore, as the vibration becomes smaller, their efficiency becomes less, because the component force always involves the product of the deflection angle. To solve this problem, this research deals with a tuned mass damper (TMD). A TMD is expected to be more efficient than other damping devices, because it can be put anywhere and it directly makes a damping force in the transverse direction.
The TMD was invented by Hermann Frahm 5) in 1909.
Frahm's TMD is usually illustrated as a system with a single mass and a single spring. Its natural frequency is set to be closed to that of the main system. This sort of TMD works well when the main system is excited at its natural frequency, but it does not work well in other cases. In 1928,
Ormondroy and Den Hartog 6) showed that a TMD with a damper is more efficient than Frahm's TMD when the frequency of excitation varies. They also proposed an optimal tuning method. It is known as the "Fixed Point Theorem"
and is often used today. 7) Since the advent of this TMD, m1 m2 k1 k2 c2 many researchers and engineers have studied various passive, active, and semi-active TMDs. Today, the TMD is the most important vibration control device.
Finding an optimal tuning is a fundamental issue in TMD research. The many ways that have been proposed fall into three categories depending on estimated indicators. Cai et al. 12, 13) studied the use of TMD for suppressing cable vibration. They obtained an analytical solution to the equation of motion of a cable with a TMD. They also investigated the parametric characteristics of the system. Casciati et al. 1 ) studied a semi-active TMD for cable.
As long as author's knowledge, there is as yet no research dealing with optimization of several TMDs to suppress cable vibration. When several TMDs are used for the vibration control in the cable, important design parameters of TMDs are not only stiffnesses and damping coefficients but also placements and masses. However conventional optimization methods of TMD can not find the optimal placements and masses of multiple TMDs. Then, this paper proposes a new optimization method for determining the placements, masses, stiffnesses, and damping coefficients of several TMDs. We shall consider a stretched slender cable with several TMDs as Fig. 2 . The kinetic energy and potential energy of the cable is
Formulation
where T is the tension, w is the transverse displacement, ρ is density, and A is the cross-sectional area of the cable. The force applied to the cable from the TMDs is composed as follows:
where k ak is the stiffness, c ak is the damping coefficient, w ak is the displacement, x ak is the attached placement of kth TMD, and w k = w(x ak ). Hamilton's principle of the cable
By solving Eq. (4), we obtain the following equation.
On the other hand, the equations of motion of the TMDs are
Suppose that the modal function ϕ i of the cable is satisfied with the following nomalized orthogonal condition:
In this case,
Accordingly, the transverse displacement of the cable can be expressed as
where q i is the modal displacement of ith vibration mode of the cable. δw is expressed in terms of δq i , as follows:
According to Eqs. (5), (7), (9), Hamilton's principle can be expressed by modal displacements.
where
and
Because all δq i are independent of each other and arbitrary,
we can write Eq. (11) as a system of n equations.
The following matrices are introduced in order to obtain the state equation of the system including the cable and
TMDs.
To avoid instability in the numerical calculation, we define
as the design parameters. The relationship between Λ s and K s is expressed as
Accordingly, the following equations are equivalent to Eq.
if m ak = 0, the elements related on kth TMD in Eq. (24) become null. Moreover, there is no contribution from the kth TMD to the motion of the cable. Therefore, the generality is not lost by using Eq. (25) instead of Eq. (6). In addition, it is assumed that the modal damping matrix can expressed as
Trans
Pc_44
where ζ is the modal damping ratio. 
The state equations can be obtained from Eqs. (11), (25) :
Optimal Tuning for Minimizing H 2 Norm
First, we have to define the estimated output z :
The closed loop transfer function matrix from f d to z is accordingly expressed as
If the system input f d is unit white noise, which means
where E[ f d (t)] is the root mean square (RMS) of f d (t).
Therefore, the indicator for random exitation should be the
By the way, H 2 norm of T f z is expressed as
where R is solution of the following Lyapunov equation.
At this point, we have all we need for getting the optimal placements, masses, stiffnesses, and damping coefficients of TMDs attached to a cable under a random excitation.
Example
We shall outline an illustrative numerical calculation to obtain optimal design parameters of TMDs. Table 1 lists the constants used in the calculation. And ζ is 0.001. 
Single TMD for all-odd vibration modes
The purpose is to optimize the placement, mass, stiffness, and damping coefficient of one TMD (m = 1) in order to minimize the RMS of all odd modal displacements of the cable. The mass of TMD is constrained as
which means that the ratio of the mass of the TMD to one of the cable is less than µ. We can chose any value of µ, but µ = 0.01 seems practical. We limit the number of calculated vibration modes of the cable to 30. Because we defined z as all-odd modal displacements q 1 , q 3 , . . . , q 29 , we have
where Od n is a diagonal matrix that consists of 1 in odd numbered elements and 0 in even numbered elements.
This optimization problem has four design parameters: 
According to this calculation, the optimal placement of the TMD is x a1 = 2 at the anti-node of the 1st vibration mode. The optimal mass is m a1 = 0.00195, which is on the max- Fig. 3 shows the transfer function of the 1st modal displacement to the 1st modal input. The H 2 norm is equivalent to the area enclosed by the transfer function and the frequency axis. It reveals that optimized the TMD is more efficient than the initial TMD.
Three TMDs for all-odd vibration modes
The purpose is to optimize the placementes, masses, stiffnesses, and damping coefficients of three TMDs (m = 3) in order to minimize the RMS of odd modal displacements of the cable. Such modes occur when a uniformly distributed force is applied to the cable. The total mass of the three TMDs is constrained as
Because we defined z as all-odd modal displacements . It is noted that optimal mass distribution exists. As long as author s knowledge, no research describe it. Fig. 4 shows the transfer function of the 1st modal displacement to the 1st modal input. It reveals that the optimized TMDs are more efficient than the initial TMDs. Fig.   5 shows the transfer function of the 1st to 11th modal displacements to each modal input. It reveals that the optimized TMDs tend to damp the 1st vibration mode more than 
Three TMDs for 1st vibration mode
The purpose is to optimize the placements, masses, stiffnesses, and damping coefficients of three TMDs (m = 3) in oder to minimize the RMS of the 1st modal displacement of the cable. The mass of the TMD is constrained by Eq. (42).
In this case, we also assume µ = 0.01. Because we defined z as 1st modal displacement q 1 , we obtain 
Conclusions
We presented a new method for determining optimal placements, masses, stiffnesses, and damping coefficients of several tuned mass dampers attached to a cable under random excitation. Our method is characterized by using placements and masses as design parameters. To stabilize the calculation, we introduced alternative parameters λ 1 , . . . , λ n+m for stiffnesses and damping coefficients and alternative differential equations Eq. (25) for the equations of motion of the TMDs. A numerical simulation showed that the method is useful for optimizing TMDs. The results also revealed an interesting optimal mass distribution of multiple TMDs.
In conclusion, we have devised a useful method to optimize several TMDs attached to a tension stabilized structure.
